It is shown how tree-level multi-gluon helicity amplitudes with an arbitrary number of off-shell external gluons can be calculated via BCFW recursion. Compact expressions for helicity amplitudes for scattering processes of three and four gluons, with up to three of them off-shell, are presented. Also, maximum-helicity-violating configurations are identified for up to two off-shell gluons, and the expressions for their helicity amplitudes for an arbitrary number of on-shell gluons are derived.
Introduction
Scattering amplitudes are essential ingredients in the calculation of predictions of observables for high-energy collider experiments like at the LHC. Ideally, they encode the process dependent content entering a calculation, and their contribution is factorized in some form from universal functions describing the colliding particles. This mechanism is made explicit in so-called factorization formulas and, again ideally, given solid ground with factorization theorems.
One of such factorization approaches goes under the name of high-energy factorization or k T -factorization [1] [2] [3] [4] , and from the perspective of the scattering amplitudes it is particular because it demands off-shell initial-state partons. The main issue in this respect is that, in order for scattering amplitudes to be well-defined, they must be gauge invariant, and that it is not a priori clear how to achieve this with only the Lagrangian of Quantum Chromo Dynamics and the Lehmann Symanzik Zimmermann reduction formula at hand. The latter approach requires all external partons to be on-shell, while k T -factorization involves off-shell external partons.
A manifestly gauge invariant and constructive definition of scattering amplitudes with an arbitrary number of off-shell external gluons has been presented recently in [5] . The amplitudes are calculated by considering matrix elements of Fourier transforms of straight infinite Wilson line operators associated with the off-shell external gluons. The starting point of that paper is the observation that in existing approaches to define and construct scattering amplitudes with off-shell gluons [6] [7] [8] [9] Wilson lines always appear in one form or another. In [9] for example, the Wilson lines are represented by eikonal quark lines. In fact, for explicit calculations, the approach of [5] can be formulated such that each external off-shell gluon should be replaced by a unique quark-anti-quark pair satisfying eikonal Feynman rules.
In [8] , some explicit compact expressions were given for four-gluon helicity amplitudes with one of them off-shell, and it was observed that they follow the simple structure of maximumhelicity-violating (MHV) amplitudes, well known for on-shell multi-parton amplitudes [10] [11] [12] . In [13] a similar phenomenon was observed for four-parton amplitudes with an off-shell initialstate quark. Obtaining compact expressions for on-shell multi-parton amplitudes, be it for MHV configurations or non-MHV configurations, was dramatically simplified with the introduction of BCFW recursion [14, 15] . Thus the question naturally arises whether this recursion can be generalized to amplitudes with off-shell partons. In this write-up, we show that this is indeed possible, despite the seeming contradiction that this recursion is also known as on-shell recursion. The latter refers to the fact that the recursion happens on the level of gauge-invariant amplitudes, rather than on the level of non-gauge-invariant off-shell currents like Berends-Giele recursion [11] . We will see that also the gauge-invariant amplitudes with off-shell partons can be calculated with recursion at the level of only such amplitudes.
The structure of the paper is as follows. In Section 2 we give a definition of the amplitudes under consideration in the terms suitable for Section 3, in which the application of BCFW recursion to amplitudes with off-shell gluons is given. The connection of the amplitudes with fully on-shell amplitudes is explained in Section 4, while some explicit calculations are presented in Section 5. It involves helicity amplitudes for three-gluon and four-gluon processes, both with up to three off-shell gluons. In Section 6 the MHV amplitudes for an arbitrary number of gluons with at most two off-shell are derived. Section 7, finally, is the summary closing the paper.
Definitions
A scattering amplitude for a number of n external gluons is a function of 2n four-vectors, namely the momenta k 1 , k 2 , . . . , k n and the directions p 1 , p 2 , . . . , p n , satisfying the conditions
If a momentum k µ is time-like, then the direction p µ cannot be real, but it can always be constructed given k µ (Appendix B.1). For a light-like momentum, the direction is equal to the momentum. In applications within k T -factorization, the momentum of an initial-state off-shell gluon is space-like, and it is usually defined in terms of the direction and a transverse momentum as
It turns out that for the amplitude, there is a freedom in the choice of k µ T which is essential in the approach presented here, and that the momentum k µ must be considered as the fundamental quantity rather than k µ T . With the help of an auxiliary four-vector q µ with q 2 = 0, we may define the transverse vector of the momentum
so that k µ T satisfies both the relations p·k T = 0 and q·k T = 0. Although its components depend on q µ , its square k 2 T = k 2 does not. The condition that k µ T is transverse to both p µ and q µ is enough to construct it explicitly with the help of the two "polarization vectors" that can naturally be constructed with p µ and q µ . We may write
The spinors are defined in Appendix B.2. If all four-vectors involved are real, then κ * is the complex conjugate of κ. In general, it is not. What does hold in general, however, is
It is furthermore important to note that not only their product is independent of q µ , but both κ and κ * are independent of the auxiliary momentum q µ .
This is shown in Appendix B.3 with the help of the Schouten identity. The off-shell external gluons are represented by Wilson lines in [5] . In [9] they are represented by auxiliary eikonal quarks. For the eventual calculation of tree-level amplitudes, these representations are completely equivalent. For the discussion here, we need to note that the external off-shell gluons are thus represented by two external lines. Both in [5] and in [9] it is suggested to choose the momentum flow such that the full momentum k µ of the off-shell gluon flows in on one end, and momentum identical zero flows in on the other side. One may, however, add any momentum q µ on one side and subtract it on the other side, as long as it satisfies p·q = 0. The amplitude will be independent of q µ . So instead of Eq. 
for each external off-shell gluon.
In this write-up, we will consider the calculation of color-ordered or dual amplitudes, like in [5] . These contain only planar Feynman graphs, and are composed with color-stripped Feynman rules. In the graphical representation, external gluons will be represented with double lines here. If we wish to specify that they are on-shell, we represent them with thick solid lines. Internal, virtual, gluons will also be represented by thick lines. The double lines can be bent apart, to form a single eikonal quark line. As an example, the planar Feynman graphs contributing to the color-ordered amplitude for the process ∅ → g * g * g are = + +
The arrows indicate the flow of momentum. Notice that they stay at the same side of the same eikonal quark line once the double line indicating the external off-shell gluon is bent open. The Feynman rules, in the Feynman gauge, are as follows:
In these rules, the symbol p refers to the direction associated with the eikonal quark line, the symbol K refers to momentum flowing through a propagator or into a vertex, and η µν is the metric tensor. We set the coupling constant g S to unity for convenience. We removed the imaginary unit from the numerator compared to rules in [5] . Also the factors of √ 2 in the eikonal vertex and propagator are different, and more suitable for our purpose. Amplitudes in the convention of [5] are obtained by multiplying our amplitudes with a factor i (−1)
Applying the rules to ∅ → g * g * g, we find
Inserting ε 3 ← k 3 and using momentum conservation, so that 2k 1 ·k 3 = k 2 2 − k 2 1 , we find that the expression vanishes, as it should according to the Ward identity, confirming the consistency of the Feynman rules.
It needs to be stressed that the Feynman rules above are not applied explicitly in the calculation of amplitudes in the following. The proof of BCFW recursion is based on the observation that the amplitudes can be represented as sums of Feynman graphs following the Feynman rules. In the recursion itself, they do not appear.
Construction
The BCFW approach [14, 15] is based on the simple observation that for a rational function f of a complex variable z which vanishes at infinity, we have
where the integration contour expands to infinity and necessarily encloses all poles of f. This directly leads to the relation
where the sum is over all poles of f, and z i is the position of pole number i.
Shifted momenta
To apply the observation, the scattering amplitude needs to be turned into a function of a complex variable z, whose value at z = 0 is the desired quantity. This can be achieved by deforming the external momenta into complex space while still satisfying the relations (1) and (3). This can be done as follows. We choose two external gluons i and j, and use the direction of one as the auxiliary momentum to define the transverse momentum of the other, and vice versa, so
We adopt the notation |i ≡ |p i , |j ≡ |p j etc. here. Next, we choose the so-called shift vector
which has the essential properties that
Using this vector, we then define the shifted momentâ
Replacing the momenta k
in the amplitude obviously does not violate momentum conservation, since we add the same vector to one momentum as we subtract from the other. Also, we still have p i ·k i (z) = 0 and p j ·k j (z) = 0, so all necessary conditions are fulfilled. Notice that the eventual effect of shifting the momenta is that the values of κ i and κ * j shift while κ * i and κ j are not affected. We could also have chosen e µ = 1 2 j|γ µ |i], and shift κ * i and κ j instead. The choice of the shift vector only matters if one or both external gluons are on-shell. Then, the shift vector should be chosen to match the helicity of the on-shell gluon, as prescribed in the original BCFW approach, with the consequence that if both gluons are on-shell, they should have opposite helicity. For completeness, we repeat the shifts including on-shell gluonŝ
It has to be stressed that only in the case of on-shell gluons, when the momentum and the direction are identical, the direction and one of its spinors shift, and that for off-shell external gluons, the directions do not shift.
As mentioned before, we will only consider color-ordered amplitudes. Also, we will only consider the case when gluon i and j are adjacent, and without loss of generality, we will label them with 1 and n, where n is the total number of gluons. So the function of the complex variable z whose value at z = 0 gives the desired amplitude is given bŷ
is the color-ordered n gluon amplitude, with any of them off-shell.
Behavior at z → ∞
The first issue that needs to be addressed it the behavior ofÂ(z) for z → ∞.Â is a rational function of z, and denominator factors come from the propagators in the graphs contributing to the amplitude. Numerator factors can only come from triple gluon vertices. Following the reasoning in [15] , in the worst case there will be one more triple gluon vertex contributing a power of z to the numerator than there will be propagators contributing powers of z to the denominator. For on-shell gluons, however, each of the polarization vectors of the shifted gluons also contribute a power of z to the denominator, so eventually, in the worst case,Â(z) ∝ z −1 for z → ∞. We see that, in order for this argumentation to hold in case of off-shell gluons, we must include their propagators in the amplitude under consideration, so they contribute powers of z to the denominator via the shift of κ or κ * . This means that here,
we consider amplitudes before they are multiplied by a factor proportional to |k
for each off-shell gluon. Such a factor was included in the definition of the amplitude in [9] for example, to arrive at the correct on-shell limit if the virtuality of the off-shell gluons is taken to zero. We will return to this issue in Section 4. The graphs contributing to the amplitude do not only contain gluon propagators and vertices, but also eikonal quark propagators and vertices. The vertices are independent of the momenta, and the propagators can only contribute powers of z to the denominator, so these do not spoil the argumentation above. Notice that the eikonal quark lines of shifted off-shell gluons are not influenced at all by the shift of the momenta, because the shift vector satisfies p 1 ·e = p n ·e = 0. Only the denominators of other eikonal quark lines may depend on z.
Contributing poles
The poles inÂ(z) come from the propagator denominators that depend on z. A graphical representation of all possible poles is given below. It constitutes Eq. (14).
where
The hatted numbers label the shifted external gluons. Remember that we use the convention that double lines may refer to both off-shell and on-shell external gluons, and that only when we wish to specify that an external gluon is on-shell, we represent it by a thick solid line. For internal momenta, we adopt the notation
The terms A i,h correspond to the usual contribution that also appears in the BCFW construction for on-shell gluons. A pole appears when the denominatorK 2 i,n (z) of the propagator of an internal gluon with shifted momentum vanishes, i.e. when this internal gluon becomes on-shell, which happens for the value
The two blobs therefor represent well-defined amplitudes with an on-shell gluon referred to by the thick line. The sum over h is the sum over the possible helicities of these on-shell gluons. This sum implies a minus sign, which is missing in the inserted propagator. The explicit denominator K 
This again means that, according to Eq. (8), the two blobs represent well-defined amplitudes both with an off-shell gluon with direction p µ i . This term is absent if i labels an on-shell external gluon.
The term C is only present if 1 labels an off-shell gluon. It appears due to the pole when the squarek 2 1 (z) of the external momentum vanishes, so that the gluon becomes on-shell. The squarê k 2 1 (z) vanishes becauseκ 1 (z) vanishes, so we havê
All graphs contributing to C have the propagator with momentumk µ 1 , which is connected to the only eikonal vertex with p µ 1 each of these graphs contains. This means that this vertex can be considered to be contracted with a current satisfying current conservation
We took the propagator outside of J µ . Using Eq. (30), we thus find
So C is given by the amplitude for which gluon 1 is on-shell and has helicity +, the opposite of the helicity suggested by the shift vector . Still we do havek 1 ·ε 1 = 0. Using the explicit expression x 1 (p n ) = p n ·k 1 /p n ·p 1 and strategic choices for the auxiliary vectors for κ 1 , κ * 1 , κ * n , we get the shifted quantities
where the latter option depends on whether gluon n is off-shell, or on-shell with helicity +.
The term D is only present if n labels an off-shell gluon. Similarly to C, it is given by the amplitude for which gluon n is on-shell and has helicity −,
Now the shifted quantities are
where the latter option depends on whether gluon n is off-shell, or on-shell with helicity −.
The situation for B 2 (and B n−1 ) needs some special attention in case gluon 1 is on-shell, because it involves a two-point amplitude that is only defined for shifted momenta. Let us consider the case in which gluon 1 has helicity +. We havê
off-shell gluon 2 has momentumK 1,2 which satisfies p 2 ·K 1,2 = 0, where q µ is an auxiliary momentum used to construct the polarization vector for on-shell gluon 1, and where we used p 2 ·K 2,n = −p 2 ·(k 1 + k 2 ) = −p 2 ·k 1 . The expression seems to depend on q µ , but we will see that the dependence disappears. The shifted spinors are found as follows. The shift vector is
and
where we used the Schouten identity in the last step. Substiting this, we find
The momentumK µ 1,2 is given bŷ
Using k µ 1 = p µ 1 as the auxiliary vector to define the transverse components of k µ 2 , we get
and we see thatK µ 1,2 =k µ 2 defined through the shift of κ 2 . For gluon n, the shift can also easily be calculated. So we may summarizê
where the last option depends on whether gluon n is off-shell, or on-shell with helicity −. For the other helicity for gluon 1, we find
where the last option depends on whether gluon 1 is off-shell, or on-shell with helicity +. It is worthwhile to include a general formula for the case that gluon 1 is off-shell. 
For shift vector 1 2 1|γ µ |n], we havê
leading to1
Now, both κ 2 and κ * 2 shift:
with z as given before, and withκ * n or |n depending on whether gluon n is off-shell or on-shell. with shift vector 
4 On-shell limits
The amplitudes for off-shell gluons were defined in [9] such that they match the amplitudes for on-shell gluons in the limit in which the virtuality of the off-shell gluons vanishes. They are matched such that the square of the off-shell amplitude integrated over the angle, remaining after the magnitude of the virtuallity is taken to zero, is equal to the square of the on-shell amplitude summed over the helicities of the on-shell gluon. The same relation holds here too. The expression for an amplitude obtained with the approach suggested in this paper consists of a number of terms which, for each off-shell gluon j, can be divided into the following three groups: terms that have an explicit single factor κ j in the denominator, terms that have a single factor κ * j in the denominator, and terms that have neither:
In the limit in which the virtuality of the off-shell gluon vanishes, both κ j and κ * j vanish, and as mentioned earlier, the amplitude has to be multiplied by a factor proportional to the square root of the virtuality before taking the limit. We may choose this factor to be κ * j . So then, the amplitude can be written as
This also holds after the amplitude is dressed up with color. The third term obviously vanishes in the on-shell limit, while the ratio κ * j /κ j is independent of the magnitude of the virtuality, and can be parametrized by and angle. Setting x j = q j ·k j /q j ·p j = 1 for convenience, we have
We see that the interference terms vanish upon integration over the angle ϕ j , and that the result consists of two squares. In order to identify the helicity of each of the terms, we take the limit in two steps. First we shift the momentum k µ j following Eq. (30), so thatκ j (z) = 0 and it becomes light-like. For the second momentum that needs to be shifted we choose any other off-shell gluon, or any on-shell gluon with helicity +. Following the argumentation below Eq. (30), we see that gluon j, which is now on-shell, will have helicity +, while the amplitude will carry an explicit factor κ j in the denominator. This helicity does not change taking the limit k 2 j → 0 eventually. Choosing the shift such thatκ * j (z) = 0, we end up with helicity − and an explicit factor κ * j in the denominator. We conclude that U(k j ) in Eq. (52) gives the − helicity amplitude in the limit k 2 j → 0, while V(k j ) gives the + helicity amplitude.
Examples
In this section, we calculate some amplitudes explicitly. We denote them by A followed by an argument list consisting of numbers with super scripts indicating that the particular gluon is off-shell, or else its helicity. So
is the amplitude for the process ∅ → g * gg · · · , where gluon 2 has helicity +, gluon 3 has helicity −, etc.. The correctness of all amplitudes presented in this section has been confirmed numerically using a computer program based on the approach presented in [9] generalized to an arbitrary number of off-shell gluons.
Three-point amplitudes
The amplitudes for ∅ → ggg, which vanish for real momenta, are well-known in literature. If all helicities are equal, they also vanish for shifted momenta, and the others are given by
again on the condition that at least two of the momenta are shifted. The amplitudes for ∅ → g * gg are calculated in Appendix A using a conventional approach, with the result that the equalhelicity amplitudes vanish, while
Notice how both the "mostly-plus MHV" and "mostly-minus MHV" expressions can be used to represent the same amplitude, a phenomenon that also happens for the amplitudes for four on-shell gluons.
There is only one contribution, namely
The possible contribution of type D vanishes, because on-shell gluon 3 will have helicity +, and A 
For the other helicity, we find
[21] [13] .
For the process ∅ → g * g * g * we have three contributions
Choosing shift vector .
(63) For the second contribution, we havê
whereκ * 3 , 3k 1 and k 1 2 follow from Eq. (33). Using also momentum conservation to write 3|k / 3 + k / 1 |1] = − 3|k / 2 |1] and k 1 ·p 3 = −(k 2 + k 3 )·p 3 = −k 2 ·p 3 , we find
The third term can be found similarly, with the final result
where the second and third term are obtained by applying the cyclic permutations on the arguments and indices of the first term.
Four-point amplitudes
The amplitudes for ∅ → gggg are of course well-known, and given by 
The first contribution, however, does vanish because of the amplitude on the right hand side, following a well known phenomenon in BCWF recursion for on-shell amplitudes. There are two options to represent the on-shell amplitude for the second term: the "mostly-plus MHV" representation, and the "mostly-minus MHV" representation. The latter is the hard one in this respect. We have
where the shifted quantities follow from Eq. (35) with 1 ← 4, n ← 1. First, we have
where we used momentum conservation. Next, also using momentum conservation, we have
And finally, again applying also momentum conservation, we find
Putting everything together, we get 
Notice that we would have found this result almost immediately had we used the "mostly-plus MHV" representation of the on-shell amplitude, since the only angular spinor that shifts is |k 1 = √ x 1 |1 . [K4] 
The shifted momentum in the internal line of the first term is given bŷ
Other quantities do not shift (Eq. (21)), sô 
where we took the shifted quantities from Eq. (33). The third term is
The second and third term can be combined as follows
with 
And finally
with A 1 = 1 x 4 (p 1 )κ * 4 1 κ 6 MHV-amplitudes by We presented BCFW recursion for tree-level multi-gluon amplitudes with an arbitrary number of off-shell external gluons. We calculated several helicity amplitudes for up to four external gluons with up to three of them off-shell. Also, we derived formulas for maximum-helicity-violating amplitudes for an arbitrary number of external gluons with up to two of them off-shell.
